Published in Materials Science and Metallurgy Vol. 14, 1998, 273–276

Quasichemical Model for Interstitial Solutions

H. K. D. H. Bhadeshia

University of Cambridge Departmen t of Materials Science and Metallurgy Pembroke Street, Cambridge CB2 3QZ, U.K. hkdb@cus.cam.ac.uk

ABSTRA CT

An ideal solution is one in which the enthalp y of mixing is zero so that the only contribution to the free energy of mixing comes from the change in configurational entropy when atoms mix at random. Regular solutions have a finite enthalp y of mixing but nevertheless assume random mixing. Quasichemical models avoid this approximation of random mixing. This work deals with an amendmen t to some of the equations in the quasichemical theory for Fe–C solutions, making the equations, for example, more reliable at large C–C repulsions.

INTR ODUCTION The regular solution model assumes a random distribution of atoms even though the enthalp y of mixing is not zero. In reality, a random solution is only expected at very high temp eratures when the entropy term overwhelms any tendency for ordering or clustering of atoms. It follows that the configurational entropy of mixing should therefore vary with the temp erature. The quasi–chemic al solution model has a better treatmen t of configurational entropy which accounts for a non–random distribution of atoms. The model is so–called because it has a mass–action equation which is typical in chemical reaction theory [1,2].

There is a particularly useful application of the quasi–chemical model to the solution of carbon in austenite [3]. The theory is founded on the fact that there is a repulsion between the carbon atoms which has the effect of reducing the probabilit y by which a neighbouring interstitial site is occupied. The history of such “site exclusion models” has been reviewed by McLellan and Dunn [3,4], but we shall focus on their model which removes many of the difficulties of earlier treatmen ts. Furthermore, the model appears to have considerable physical significance, both in explaining fine detail in thermo dynamic data and in the prediction of diffusion phenomena.

The purp ose of the present work is to correct a subtle difficult y with the McLellan and Dunn model, which does not seem to cope well with the limit of infinite repulsion, and is not consisten tly developed in its zeroth and first order approximations †. The theory is generally applicable but will be discussed in the context of Fe–C solutions. Almost half of the paper is devoted to a repitition of published work in order to introduce a subject which is not commonly known in metallurgy .

THE THEOR Y

Partition Function The general metho dology in summarised in Fig. 1. The essential problem in the construction of a quasi–chemical model is the partition function. Although the function is standard theory, its meaning is introduced below for the sake of readabilit y.

† The zeroth appro ximation of quasichemical theory is identical to a regular solution model.

Consider a total number N of atoms in a system where there are just two energy levels. At any finite temp erature a number N_0 of the atoms are in the ground state, whereas a number N_1 (= N − N_0) belong to the higher level with an energy E_1 relativ e to the ground state. The fraction of atoms in the two states at a temp erature T and at zero pressure is given by:

N_o N = g_0 g_0 + g_1 exp

�_{− E 1} kT � (1)

N_1 N = g_1 exp

�_{− E 1} kT � g_0 + g_1 exp

�_{− E 1} kT � where g_i represen ts the degeneracy of the ith energy level. The degeneracy gives the number of states with the same energy. In each of these equations, the term in the denominator, is called the partition function Ω; in general, for a multi–level system, Ω = � i g_i exp � − E_i kT �

where E_i is the energy relativ e to the ground state.

Carbon in Austenite The treatmen t that follows is due to McLellan and Dunn [3,4]. Carb on dissolves interstitially in the octahedral holes in the crystal structure of the austenite. The number of Fe–Fe pairs and the number of Fe–C pairs does not change for a given composition for all configurations. The partition function can therefore be describ ed solely in terms of the carbon atoms u in the octahedral sites (u_o).

Consider a system with N_u carbon atoms, N_{F e} iron atoms and therefore, β_iN_{F e} octahedral sites where β_i is the number of octahedral interstices per iron atom (β_i = 1 for octahedral holes in austenite and β_i = 3 for octahedral interstices in ferrite). The variety of pairs of species is listed in Table 1, where the number of u–u_o and u_o–u pairs is written Wλ, where W = 12 (for austenite) is the number of octahedral sites around a single such interstice. Naturally , W is the same for the carbon atoms.

Kind of pair No. of such pairs Energy per pair Total energy

u_o–u_o^1_2 W(N_{F e}β_i − N_u − λ) 0 0

u_o–u and u–u_o Wλ ϵ_u Wλϵ_u

u–u^1_2 W(N_u − λ) ϵ_{uu}^1_2 W(N_u − λ)ϵ_{uu}

Total^1_2 WN_{F e}β_i W � λϵ_u +^{N u − λ}_2 ϵ_{uu} �

Table 1: Pair interactions in Fe(γ)–C quasi–c hemical model (after McLellan and Dunn [3]). The energy zero is for an atom at rest in a vacuum so that the energies listed are numerically negativ e.

Therefore, g^λ = [N^{F e}β^i]!

[N^{F e}β^i − N^u ]! N^u !

× [_1^2 W(N^{F e}β^i − N^u − λ_∗)]! [_1^2 W(N^u − λ_∗)]! [_1^2 Wλ_∗]! [_1^2 Wλ_∗]!

[_1^2 W(N^{F e}β^i − N^u − λ)]! [_1^2 W(N^u − λ)]! [_1^2 Wλ]! [_1^2 Wλ]!

(5)

The partition function Ω is now solved, but to proceed and obtain some useful thermo dynamic quantities, we follow the normal approximation which is to replace the summation in equation 2 by the largest term corresp onding to λ = λ, which can be obtained by differen tiation with respect to λ:

λ = N^{F e}β^i 2ϕ

� 1 − � 1 − 4ϕ θ β^i

� 1 − θ β^i

� �_1 2 � (6) where θ = N^u /N^{F e}, ϕ = 1 − exp � − ω^γ kT

� (7) and ω^γ = ϵ^{uu} − 2ϵ^u is the carbon–carb on (repulsiv e) interaction energy.

The partition function now becomes

Ω = [N^{F e}β^i]!

[N^{F e}β^i − N^u ]! N^u !

× [_1^2 W(N^{F e}β^i − N^u − λ_∗)]! [_1^2 W(N^u − λ_∗)]! [_1^2 Wλ_∗]! [_1^2 Wλ_∗]!

[_1^2 W(N^{F e}β^i − N^u − λ)]! [_1^2 W(N^u − λ)]! [_1^2 Wλ]! [_1^2 Wλ]!

× exp � − W � λϵ^u + N^u − λ 2 ϵ^{uu} � /kT �

(8) which clearly reduces to a partition function for a random solution when λ = λ_∗. This can happ en when the temp erature is very high so that thermal agitation mixes up the atoms irrespective of their binding tendencies. The configurational free energy F and chemical potential

(μ) follow:

F = − kT ln{Ω } (9) μ = − kT ln � ∂ln{Ω }

∂N^u

�

N^{F e} ,T

(10)

To obtain the configurational part of the chemical potential, McLellan and Dunn took (using

Stirling’s approximation):

∂ ∂N^u ln � [N^{F e}β^i]!

[N^{F e}β^i − N^u ]! N^u !

� = − ln � θ/β^i

1 − θ/β^i

�

∂ ∂N^u ln � [ 1 2 W(N^{F e}β^i − N^u − λ)]! � = − W 2 ln � W 2 [N^{F e}β^i − N^u − λ] �

∂ ∂N^u ln � [ 1 2 W(N^u − λ)]! � = W 2 ln � W 2 (N^u − λ) �

∂ ∂N^u ln � [ 1 2 Wλ]! � = 0

∂ ∂N^u

� − W � λϵ^u +

N^u − λ 2 ϵ^{uu} � � = − Wϵ^{uu} 2

(11)

Noting that Wϵ^{uu} /2 = Wϵ^u + Wω^γ /2, the chemical potential per atom is given by μ = kT ln � θ/β^i

1 − (θ/β^i)

�

− kT ln � � θ/β^i

1 − (θ/β^i)

�^W �

1 − (θ/β^i) − (λ/N^{F e}β^i)

(θ/β^i) − (λ/N^{F e}β^i)

�_W 2 � + Wϵ^u + W ω^γ

2

(12)

The term Wϵ^u is interpreted as the partial energy of solution of carbon in austenite at infinite dilution, a component of μ^o in μ = μ^o + RT ln{a} where a is the activit y. The activit y of carbon is in this derivation, with respect to pure carbon with the crystal structure of austenite.

It is more convenient to define the activit y of carbon relativ e to pure graphite as the standard state. This is easily done, since a^C {graphite } a^C {austenite } = exp � μ o,austenite C − μ o,graphite C kT

�

= exp � Δ μ_o^C kT

� (13) where Δ μ_o^C is the change in free energy accompan ying the transfer of carbon from its standard state of graphite to a standard state based on an infinitely dilute solution as the references state (it is also called the relative partial free energy of a solute atom in solution with respect to the pure solute at infinite dilution). The value of Δ μ_o is determined experimentally from thermo dynamic data measured at sufficien tly low concentrations (Fig. 2).

It follows that the activit y of carbon with respect to graphite is, according to McLellan and Dunn, a^u = θ/β^i

1 − (θ/β^i) exp � Δ μ_o kT

�

× � θ/β^i

1 − (θ/β^i)

�^{− W} �

1 − (θ/β^i) − (λ/N^{F e}β^i)

(θ/β^i) − (λ/N^{F e}β^i)

�_{− W} 2 exp � Wω^γ

2kT

� (14)

Note that the term containing ϵ^u is absorb ed in Δ μ_o.

All the work describ ed above is already available in the published literature [3,4].

Difficulty

There is a difficult y in the particular derivation of the chemical potential presented above because λ_∗ and λ are assumed, in the process of differen tiation (equation 11), not to be functions of N^u , which they clearly are. This is also inconsisten t with other work on a zeroth order quasi–chemical model [7]. We therefore develop here a version which allows for the dependence of λ on N^u (cf. equation 11):

∂ ∂N^u ln � [ 1 2 W(N^{F e}β^i − N^u − λ)]! � = − W 2

� 1 + ∂λ ∂N^u

� ln � W 2 [N^{F e}β^i − N^u − λ] �

∂ ∂N^u ln � [ 1 2 W(N^u − λ)]! � = W 2

� 1 − ∂λ ∂N^u

� ln � W 2 (N^u − λ) �

∂ ∂N^u ln � [ 1 2 Wλ]! � = W � ∂λ ∂N^u

� ln � W 2 λ �

∂ ∂N^u

� − W � λϵ^u +

N^u − λ 2 ϵ^{uu} � � = − � ∂λ ∂N^u

� Wϵ^u −

Wϵ^{uu} 2 + � ∂λ ∂N^u

� Wϵ^{uu} 2

(15)

and the activit y of carbon in austenite with respect to graphite is

a_u = θ/β_i 1 − (θ/β_i) exp � Δ μ^o kT

�

× � θ β_i

2θ β i � θ β_i − � θ β_i

�_2�_{1−} 2θ_β i � 1 − θ β_i − � λ N_{F e}β_i

� � 1_{2 (1+}^˙_{λ)}�_{− W}

× � � λ N_{F e}β_i

�^˙_λ � θ β_i − λ N_{F e}β_i

� 1_{2 (1−}^˙_{λ)}� 1 − 2 θ β_i + � θ β_i

�_2�_{1−} θ_β i �_W

× exp � (1 − ˙ λ)Wω_γ 2kT

�

Note that the term with Wϵ_u is again absorb ed into Δ μ^o.

We have verified that the new equations are numerically virtually identical when compared against those derived by McLellan and Dunn for realistic values of the thermo dynamic parameters and concentrations. Large differences occur when the interaction energies become strongly repulsive, as might be expected since the McLellan and Dunn equation 11 has a term (θ/β_i) − (λ/N_{F e}β_i) in the denominator, which tends to zero as the solution becomes random. Large repulsive energies are believed to occur for carbon in ferrite. We shall now proceed to show that the new equation does not suffer from this difficult y for limiting cases.

Dilute solution, ω_γ → 0 limit

In the limit that ω_γ tends to zero, λ → λ^∗ and ˙ λ → 1 − 2(θ/β_i). Noting that ω_γ = ϵ_{uu} − 2ϵ_u , we see that in this limit equation 17 becomes

μ{ω_γ → 0} = kT ln � θ/β_i 1 − (θ/β_i)

� + Wϵ_u + W(θ/β_i)ω_γ . (18)

Naturally , λ must also tend to λ^∗ at high temp eratures so that the high temp erature limit of this first–order quasi–chemical theory will then become equivalent to the zeroth–order mixing treatmen t where the solute atoms are distributed at random [7].

The infinite repulsion limit

In this case, as ω_γ → ∞ , λ → N_u and ˙ λ → 1. Therefore,

μ{ω_γ → ∞} = kT ln � θ/β_i 1 − (θ/β_i)

�

− kT ln � � 1 − 2 θ β_i

� � 1 − θ β_i

�_{1− 2} θ_β i �

+ kT ln � � 1 − θ β_i

�_{2− 2} θ_β i �

+ Wϵ_u

(19)

which, at values of θ sufficiently small to allow the expansion ln{1− θ} ≃ − θ, can be rewritten as μ{ω_γ → ∞} = kT ln � θ/β_i 1 − (W + 1)(θ/β_i)

� + Wϵ_u . (20)

This is consisten t with all the interstitial sites adjacen t to a carbon atom being blocked from occupation. Notice that the term − W(θ/β_i)ω_γ is absent from all these complete–blo cking equations since there are no carbon–carb on near neighbour pairs in that scenario. Zeroth–Order Quasi–Chemic al Model The zeroth approximation ofquasi–chemical theory has the solute atoms distributed at random. The partition function and all associated functions for the zeroth–order treatmen t can be deduced from the corresp onding equations for the first–order treatmen t simply by setting λ = λ^∗. It is nevertheless interesting to compare the first and zeroth approximations as was first reported by Alex and McLellan [7]. From equation 2, the partition function is obtained as

Ω = [N_{F e}β_i]!

[N_{F e}β_i − N_u ]! N_u !

× exp � − W � λ^∗ϵ_u +

N_u − λ^∗ 2 ϵ_{uu} � /kT � (21)

On substituting for λ^∗ (equation 4) and ϵ_{uu} this becomes: †

Ω = [N_{F e}β_i]!

[N_{F e}β_i − N_u ]! N_u !

× exp � − W � (N_u ϵ_u −

N^2_u N_{F e}β_i ϵ_u +

N^2_u N_{F e}β_i ω_γ � /2kT � (22)

The configurational chemical potential therefore becomes:

μ = kT ln � θ/β_i 1 − (θ/β_i)

� + Wϵ_u + Wω_γ θ β_i

(23)

which is consisten t with a regular solution model (i.e. the zeroth approximation).

CONCLUSIONS A better behaved set of equations has been derived for the quasichemical represen tation of iron–carb on solutions. Although this makes negligible numerical difference to the chemical potential of carbon in austenite over the typical range of interest, the equations give the correct limit when the carbon–carb on interaction energy becomes very large. Unlike the earlier model, the new equations are also consisten t with the details in the formulation of the zeroth approximation of the quasichemical model.

ACKNO WLEDGMENTS I am grateful to the Royal Society for a Leverhulme Trust Senior Research Fellowship and to Professor Alan Windle for the provision of laboratory facilities at the University of Cambridge.

REFERENCES

1. E. A. Guggenheim : Mixtures, Oxford University Press, Oxford, (1952) 2. E. A. Guggenheim: Proceedings of the Royal Society, A148 (1935) 304–312. 3. R. B. McLellan and W. W. Dunn: J. Phys. Chem. Solids, 30 (1969) 2631–2637. 4. W. W. Dunn and R. B. McLellan: Metall. Trans., 1 (1970) 1263–1265. 5. S. Ban–Ya, J. F. Elliott and J. Chipman: Trans. Met. Soc. of AIME, 245 (1969) 1199–1206.

6. S. Ban–Ya, J. F. Elliott and J. Chipman: Metall. Trans. 1 (1970) 1313–1320. 7. K. Alex and R. B. McLellan: J. Phys. Chem. Solids, 31 (1970) 2751–2753.

† It is worth emphasizing again that this substitution for λ^∗ recognizes implicitly that λ^∗ is a function of N_u . This is in contrast to the first order quasi–chemical theory by Dunn and McLellan, where during the differen tiation of the partition function with respect to N_u , λ was treated as a constan t. The comparison reported by Alex and McLellan is therefore between models based on differen t assumptions. Our comparison is, on the other hand, with the corrected first–order quasi–chemical theory.